Let X be a normal projective variety defined over an algebraically closed field and let Z be a subvariety. Let D be an R-Cartier R-divisor on X. Given an expression ( * ) D ∼ R t1H1 + . . . + tsHs with ti ∈ R and Hi very ample, we define the ( * )-restricted volume of D to Z and we show that it coincides with the usual restricted volume when Z ⊆ B+(D). Then, using some recent results of Birkar [Bir], we generalize to R-divisors the two main results of [BCL]: The first, proved for smooth complex projective varieties by Ein, Lazarsfeld, Mustaţȃ, Nakamaye and Popa, is the characterization of B+(D) as the union of subvarieties on which the ( * )-restricted volume vanishes; the second is that X − B+(D) is the largest open subset on which the Kodaira map defined by large and divisible ( * )-multiples of D is an isomorphism. * Research partially supported by the MIUR national project "Geometria delle varietà algebriche" PRIN One of the deep parts of [ELMNP2] is then to prove the strong continuity result that, if Z is an irreducible component of B + (D), then lim
Introduction
Let X be a projective variety and let D be an R-Cartier R-divisor on X. After their introduction in [N, ELMNP1] , the stable base loci of D have gained substantial importance in the study of the birational geometry of X, see for example [T, HM, BDPP, BCHM] , to mention only a few. Let us recall here their definitions. The augmented base locus of D is
where E is an R-Cartier R-divisor.
Since B + (D) measures the failure of D to be ample, it is clearly a key tool in several instances. On the other hand it is often not so easy to identify. To this end an important result of Ein, Lazarsfeld, Mustaţȃ, Nakamaye, and Popa [ELMNP2, Thm. C] comes to help, at least when X is complex and smooth:
Z where, given a subvariety Z ⊆ X of dimension d > 0, when D is Cartier (whence also when it is a Q-Cartier Q-divisor), one defines the restricted linear series H 0 (X|Z, mD) to be the image of the restriction map H 0 (X, mD) → H 0 (Z, mD |Z ) and the restricted volume as vol X|Z (D) = lim sup m→+∞ h 0 (X|Z, mD) m d /d! .
As we will see in Proposition 2.8, while in general vol X|Z (D, ( * )) does depend on ( * ), in the important case of Z ⊆ B + (D), it is independent on ( * ) and coincides with the usual vol X|Z (D).
Our point is that this definition of restricted volume allows to generalize, to any R-Cartier R-divisor, the main results of [BCL] .
First, the description of the complement of B + (D) in terms of the maps Φ mD Theorem 1. Let D be a big R-Cartier R-divisor on a normal projective variety X defined over an algebraically closed field and fix an espression ( * ) as in Definition 1.2. Then the complement X −B + (D) of the augmented base locus is the largest Zariski open subset U ⊆ X −B(D, ( * )) such that, for all large and divisible m, the restriction of the morphism Φ mD to U is an isomorphism onto its image.
Second, the description of B + (D) in terms of restricted volume Theorem 2.
Let D be an R-Cartier R-divisor on a normal projective variety X defined over an algebraically closed field and fix an espression ( * ) as in Definition 1.2. For every irreducible component Z of B + (D) we have vol X|Z (D, ( * )) = 0, and hence
Volume and restricted volume of real divisors
Throughout the paper we work over an arbitrary algebraically closed field k. An algebraic variety is by definition an integral separated scheme of finite type over k.
We set N + = {n ∈ N : n > 0} and, given x ∈ R, {x} = x − ⌊x⌋. We will often use the following fact, proved in [Bir, Thm. 1.3 ]. Birkar's theorem is deeper, as it proves Nakamaye's theorem ([N, Thm. 0.3] , [Laz, §10.3] ) on arbitrary projective schemes over a field (not necessarily algebraically closed), namely that, if D is nef, then B + (D) coincides with the exceptional locus of D. On the other hand, for the part of [Bir, Thm. 1 .3] that we use, in the proof given in [Bir] , the nefness of D is not needed.
Theorem 2.1. Let X be a projective scheme over a field and let D be an R-Cartier Rdivisor on X with an espression ( * ) as in Definition 1.2. Let H be a very ample Cartier divisor on X. Then there exists
Let X be a projective variety and let D be an R-Cartier R-divisor on X with an espression ( * ) as in Definition 1.2. We start by defining a graded ring associated to D and ( * ).
By (iii), choosing some divisors E i ∈ |H i |, we get a multiplication map
and by (ii) this gives rise to a ring and to a semigroup.
Definition 2.3. Let X be a projective variety and let D be an R-Cartier R-divisor on X with an espression ( * ) as in Definition
and the associated semigroup is
Let Z ⊆ X be a subvariety and pick
Remark 2.4. Note that N(X|Z, D, ( * )) and R(X|Z, D, ( * )) depend on ( * ). For example let H be a very ample Cartier divisor on X and let
But if we use as ( * ) the expression D ∼ R 0H 1 + 0H 2 we get mD = 0 and then N(X, D, ( * )) = N and R(X, D, ( * )) = m∈N C.
Remark 2.5. Let σ 0 , . . . , σ r ∈ H 0 (X, aD ) for some a ∈ N + . It is easy to prove that if σ i 0 0 · . . . · σ ir r is a homogeneous product of degree d in H 0 (X, daD ) as in (1), then
is the section defining E i and the product on the right hand side is the usual product of sections of line bundles.
Since we have a graded ring structure on R(X|Z, D, ( * )), it follows that the associated volume function is homogeneous of degree dim Z. For completeness, we give a proof of this fact, in analogy with [DP, Lemma 3.2] .
Lemma 2.6. Let D be an R-Cartier R-divisor on a projective variety X of dimension n and fix an espression ( * ) as in Definition 1.2. Let Z ⊆ X be a subvariety of dimension d > 0. Then vol X|Z (D, ( * )) is homogeneous of degree d, that is, for every p ∈ N + ,
Proof. Since (i) is just the case Z = X of (ii), let us prove (ii). We can assume that N(X|Z, D, ( * )) = {0}. Let e = e(N(X|Z, D, ( * ))) be the exponent of N(X|Z, D, ( * )).
Then there is r 0 ∈ N + such that for every r ≥ r 0 we have that er ∈ N(X|Z, D, ( * )) and moreover for every m ∈ N(X|Z, D, ( * )) we have that e|m. Then
{e, p} so that e = vb, p = ab with l.c.m.{v, a} = 1. If pm ∈ N(X|Z, D, ( * )) then e|pm, whence pm = eak for some k ∈ N + and therefore
Now exactly as in the proof of [Laz, Lemma 2.2.38] we get that (2) and (3).
Let D be an R-Cartier R-divisor on a projective variety X and let Z ⊆ X be a subvariety of dimension d > 0. How to define vol X|Z (D)? One possibility to go around this problem is to define, as in [Leh, Def. 2.12] , vol X|Z using the integer parts, that is vol X|Z (D) = lim sup m→+∞ h 0 (X|Z, ⌊mD⌋) m d /d! .
We want to point out here that this definition does not agree with vol X|Z (D, ( * )), and, even more, it can happen that one is zero and the other one is not, as in the following example.
Remark 2.7. ([ELMNP2, Ex. 5.10]) Let R ⊂ P 3 be a line and let π : X → P 3 be the blowing up of R with exceptional divisor E. Let H be a plane in P 3 not containing R and let H be its strict trasform on X. Let α ∈ R + − Q and D = α H. Let C be a curve of type (2,1) on E ∼ = P 1 × P 1 . We claim that lim sup (ii) For every subvariety Z ⊆ X of dimension d > 0 such that Z ⊆ B + (D) we have vol X|Z (D) = vol X|Z (D, ( * )).
Then, for every m ∈ N + , we have
By [Laz, Cor. 2.2.45] we get that
and this proves (i). To see (ii) we follow the above proof but now choose E i ∈ |H i | such that Z ⊆ Supp(E i ) for all i. Then, for m ∈ N + , it follows as above that h 0 (X|Z, mD l ) ≤ h 0 (X|Z, mD ) ≤ h 0 (X|Z, mD ′ l ) and Lemma 2.6(ii) gives vol X|Z (D l ) ≤ vol X|Z (D, ( * )) ≤ vol X|Z (D ′ l ). By [ELMNP2, Thm. 5.2(a) ] (we note that the proof works on any a projective variety defined over an algebraically closed field) we get as above that
and this proves (ii).
Stable and augmented base loci
Let X be a projective variety and let D be an R-Cartier R-divisor on X with an espression ( * ) as in Definition 1.2. We will study stable and augmented base loci associated to D in terms of ( * ), in particular B(D, ( * )) (see Definition 1.4).
Note that B(D, ( * )) depends on ( * ). In fact in the example of Remark 2.4 we get B(D, ( * )) = X when we use D = αH 1 − αH 2 and B(D, ( * )) = ∅ when we use D ∼ R 0H 1 + 0H 2 .
Nevertheless this stable base locus is in between B(D) and B + (D). Proof. To see (i), as in the case of the stable base locus of a Cartier divisor [Laz, Prop. 2.1.21] , it is enough to notice that, by Remark 2.2(iii), it follows that Bs | lmD | ⊆ Bs | mD |, for every m, l ∈ N + . As for the first inclusion in (ii), let Note that (iii) above is not needed in the sequel. We just put as it could be useful to know.
We now consider the behavior of the maps associated to D and ( * ). Proof. To see (i) assume that D is big and let A be a sufficiently ample Cartier divisor such that A + D is globally generated. By Theorem 2.1 there exists m 1 ∈ N + such that B + (D) = Bs | m 1 D − A|, so that there is E ∈ | m 1 D − A|. Then m 1 D ∼ Z A + E and therefore m 1 ∈ N(X, D, ( * )). By Remark 2.2(iii) there is an effective Cartier divisor F on X such that (m 1 + 1)D ∼ Z m 1 D + D + F . Hence (m 1 + 1)D ∼ Z A+ D + E + F and therefore m 1 + 1 ∈ N(X, D, ( * )). Then N(X, D, ( * )) has exponent 1 and there is r 0 ∈ N + such that H 0 (X, rD ) = 0 for every r ≥ r 0 . Now for every m ≥ m 0 := m 1 + r 0 , we get, by Remark 2.2(iii), that we can write mD ∼ Z m 1 D + (m − m 1 )D + H with H zero or very ample. Hence mD ∼ Z A + E + E ′ + H for some effective Cartier divisor E ′ and therefore Φ mD is an isomorphism over X − Supp(E ∪ E ′ ). On the other hand if Φ mD is birational onto its image for some m, then mD is big and so is D since mD ∼ R mD + s i=1 {mt i }H i . To see (ii) note that, for all m ∈ N + such that Φ mD is birational onto its image and for all k ∈ N + , we have by Remark 2.2(iii) that also Φ kmD is birational onto its image, whence U m ( * ) ⊆ U km ( * ). If Y m ( * ) = X − U m ( * ) we then have Y m ( * ) ⊇ Y km ( * ) for all k ∈ N + , whence there is a unique minimal element Y m 0 ( * ) = Y km 0 ( * ) for all k ∈ N + and therefore a unique maximal element U D ( * ) = U km 0 ( * ) for all k ∈ N + . 
. Another application of [BBP, Prop. 2.3] gives
and, thanks to (5), we conclude as desired that U m ⊆ X − B + (D).
Proof of Theorem 2.
Proof. If D is not big Theorem 2 follows by Proposition 2.8(i). Now assume that D is big. We use the notation in the previous subsection. Let Z be an irreducible component of B + (D), let d = dim Z, so that necessarily d > 0 by [ELMNP2, Prop. 1.1] (which relies on a result of [Z] valid for normal varieties over any algebraically closed field). If Z ⊆ B(D, ( * )) then obviously H 0 (X|Z, lD ) = 0 for every l ∈ N + and therefore vol X|Z (D, ( * )) = 0.
We may thus assume that Z ⊆ B(D, ( * )). The proof of Theorem 1 gives, by (5) and (6), that, for all m = km 0 , µ −1 m (B + (D)) = µ −1 m (X − U m ) = Exc(f m ) ∪ Supp(F m ) so that the strict transform Z m of Z on X m is an irreducible component of Exc(f m ). Since f m is a birational morphism between normal varieties, it follows that dim f m (Z m ) < dim Z, whence, by (4), also that dim Φ mD (Z) = dim(ν m • f m )(Z m ) < d.
As in [BCL, Proof of Cor. 2 .5] we have Φ mD (Z) = Φ Wm (Z), where W m = H 0 (X|Z, mD ). Hence, setting κ = κ(R(X|Z, D, ( * )) := tr. deg(R(X|Z, D, ( * )) − 1 we see, as in [BCL, Lemma 2 .3] (here we use Remark 2.5 -see [Bou, Lemma 3.14] ), that κ < d. Now, as in [BCL, Prop. 2 .1] (using also [Bir, Lemma 4 .1]), we get that there exists C > 0 such that h 0 (X|Z, lD ) ≤ Cl κ for every l ∈ N + and therefore vol X|Z (D, ( * )) = 0.
It remains to prove that, if Z ⊆ X is a subvariety of dimension d > 0 such that Z ⊆ B + (D), then vol X|Z (D, ( * )) > 0. Since B + (D) = Bs | m 1 D − H| there is E ∈ | m 1 D − H| such that Z ⊆ Supp(E). Let l 0 ∈ N + be such that H 1 (X, I Z (lH)) = 0 for every l ≥ l 0 , so that the commutative diagram shows that h 0 (X|Z, l m 1 D ) ≥ h 0 (Z, lH |Z ) ≥ Cl d for some C > 0. By Remark 2.2(iii) we have that h 0 (X|Z, lm 1 D ) ≥ h 0 (X|Z, l m 1 D ) and we conclude by Lemma 2.6(ii).
